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Abstract

Double field theory is formulated in a T-duality invariant way. This the-
ory has unified the metric and two-form into the generalized metric, which
is O(D, D) tensor as well as the dilaton and the determinant of the metric
into the O(D, D) singlet. When the Scherk-Schwarz compactifition is con-
sidered, the fluxes in the the effective theory are turned on. In the case of
3-torus, the H-flux, f-flux, Q-flux and R-flux are linked by T-duality trans-
formation. The H-flux and f-flux are known as the geometric flux, while,
Q-flux and R-flux are referred to the non-geometric flux. In this disserta-
tion, the geometric meaning of Q-flux and R-flux are discussed and they
are the connection of winding derivative and the field-strength of bivector
in dual theory respectively.
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1. Introduction

In the standard model of particle physics, three forces in nature, such as elec-
tromagnetic, weak interaction, and strong interaction can be explained in the
quantum field theory. On the other hand, gravity can be described in terms of the
geometry of the spacetime known as the general relativity. At some energy scale,
one believes that gravity could be unified with the other three forces. However,
due to the nonrenormalizable property of gravity, it is difficult to combine gravity
into quantum theory. String theory is a alternative theory that might shine a way
to quantum gravity because it contains graviton in the spectrum. Moreover, the
concept of point particles is broken down, and replaced by the extended objects
called strings, when the length scale is closed to the Planck length.

Due to their different configuration from particles, strings admit more symme-
tries than those found in particle theory. The striking symmetry, which we will
discuss in this dissertation, is known as T-duality [1,2]. When one of the dimen-
sion where strings propagate is compactified into a circle of circumference smaller
than the string length, strings can warp along this compact direction. Number of
times that strings curl along the circle give rise to the winding mode w. The mass
spectrum of closed string state with one circular direction is given by [3]

- 12 R?
M? = (N+N—2)+p2R—82+w2l—2, (1.1)

where N and N are number operators for right and left-movers respectively, p is a
momentum mode along the circle, w is the winding mode and [, is a string length.
This closed string state also satisfies the level-matching condition

N — N = puw. (1.2)

If the momentum mode p is exchanged with the winding mode w as well as the
quantity R/l; becomes I/ R, the mass spectrum (1.1) and the level-matching con-
dition (1.2) are still invariant. It implies that in the string point of view, strings
cannot distinguish between propagating along the circle with radius R or 1/R. This
duality is known as T-duality which links the small space with the large space.
In general, when n dimensions are toroidal compactified, T-duality is generalized
into T-duality group O(n,n,Z).



In [1], T-duality is realized as a symmetry of string field theory. In string field
theory on the torus, the winding modes are treated on an equal footing as the
momentum modes and this gives rise to coordinates that is dual to winding modes.
Although the full closed string field theory on torus is so complicated and cannot
be studied in more detail, the massless sector has been developed and it is known
as double field theory (DFT). In [4], double field theory is a T-duality invariant
theory and consists of massless fields in D dimension such as the metric g;;, the
Kalb-Ramond two-form b;; and the dilaton ¢. These spectrums are referred to the
supergravity limit of string theory. The reason that it is called the double field
theory is because the coordinates in the compact directions are double. When the
theory is formulated on the product manifold such as R 1! x T fields depend
on the coordinates of R4~1! x T2, This 72" consists of the original torus 7™ and
another torus 7" corresponding to winding coordinates.

As we mention before, T-duality symmetry originating from toroidal compacti-
fication is given by O(n,n,Z). In [5,6], it is useful to double the coordinates in the
d-dimensional non-compact directions and it leads to the continuous O(d, d) sym-
metry in these direction. Moreover, if the DFT is formulated on background R?”,
there is a continuous O(D, D) symmetry. Compactification on n-torus breaks the
O(D, D) symmetry into O(d,d) x O(n,n,Z). If the coordinates in non compact
directions are restricted to the original set of coordinates, O(d, d) symmetry group
is then broken further to O(1,d — 1) Lorentz group. Therefore, DFT has included
the Lorentz group as well as T-duality group within its framework.

In order to have T-duality invariant theory, fields in DFT can be rearranged into
the O(D, D) representation. For instance, the metric g;; and the two-form b;; have
been unified into O(D, D) tensor Hysn known as the generalized metric, where
M, N are O(D, D) indices. The dilation ¢ and the determinant of the metric g have
been combined into an O(D, D) singlet d, such that e >* = | /ge~??. Additionally,
the generalized metric arises when the first quantisation is considered in the level
of string world sheet [2]. Not only the fields, but also the coordinates and dual
coordinates are also represented into the generalized coordinates XM = (7, x%).
In DFT, there is another metric which is referred to the O(D, D) invariant metric
nun- The role of this metric 7,y is for raising and lowering the O(D, D) indices.

Furthermore, fields in DF'T should satisfy the constraint arising from the level-
matching condition Ly — Ly = 0. In terms of field representation, it implies that
fields A are annihilated by 9;0'(A) = 0. This constraint is know as the weak
constraint. Additionally, the generalized diffeomorphisms is also considered in
order to construct the invariant action. The gauge transformation in DFT is given
by the generalized Lie derivative generated by a vector field & and a one-form &;.
These gauge parameters can be rearranged in to O(D, D) vector representation
such that ¢¥ = (51,51) in the limit when the theory is independent of dual



coordinates, the gauge transformation has reduced into ordinary diffeomorphisms
and two-form gauge transformation [3-5,7-9]. For the closure of the generalized Lie
derivative, the constraint that is stronger than the weak constraint is required [10]
and known as the strong constraint. When the strong constraint is imposed, field
as well as products of fields are vanished by the condition 8;(A)& (B) = 0, where A
and B are fields and gauge parameters. The result of strong constraint has reduced
the dependency on coordinates from 2D dimension into D dimensional subspace.
Therefore, fields in DFT with strong constraint are manifestly dependent on D
dimensional spacetime.

In [5], the background independent action has been constructed and taken the
form

S = / dz di e*Qd{ — 29" DD, & + 5 (Dfekpzsﬂ + DIEDE)
+ (DIADIE; + DdDIE,) + 4DZdDid}, (1.3)

where derivative D; and D; are defined by

) o - 9 )
az gzka~ 7Di: +gzk

D, =
axk

(1.4)

and the field &;; is defined as &;; = g;; + b;;. In this action, indices are raising and
lowering with the metric ¢;; and each terms is invariant under O(D, D) T-duality
group. The gauge transformations of fields are given by

0¢€i; =D; SJ D;&; + MOy Eyj + Dit & + D En, (1.5)
ed = — §8M§M + M9y, (1.6)

where My = €10, + 0" and 0y M = 9,¢ + 0°€;. However, proving the gauge
invariance of this action is so difficult and requires long calculation.

Therefore, in [9], a new action that related to (1.3) has been created from the
generalized metric H v and field d

S = /d.’E dz 6_2d{ 4HMN8M8NCZ — 8M8N’HMN — 4’HMN8Md8Nd + 48M’HMN8Nd

FEHMN O I O Hicr, — SHIN Oy HE O H b (1)



The gauge transformation of H;n and d are given by the generalized Lie derivative

SeHun = LeHmn =" 0pHun + (00" — 07 &) Hpn + (08" — 07En)Hurp,
(1.8)

(5§<€72d) = £§€72d :8M(£M€72d). (19)

From the action (1.7), the O(D, D) structure of each terms is manifest and proving
gauge invariant property is simpler than (1.3).

From the string theory point of view, the dimensions of spacetime are 10 and
26 for superstring and bosonic string theory respectively. In order to make a
connection with a real world defined in 4 dimensional spacetime, some dimensions
should be compactified. The Kaluza-Klein supergravity has been discussed in [11].
Due to the compactification, there exists a mass gap of which size is inversely
proportional to the compactified scale. If the energy scale is less than the mass
gap, massive modes can be truncated and left us with an effective theory containing
only massless states. However, compactification on some internal space might lead
to the inconsistent theory after all massive modes are truncated such as Calabi-Yau
compactification. Scherk-Scwarz (SS) compactification [12] is one of the consistent
compactification [11,13-15]. In SS compactification, the internal manifold is locally
isomorphic the group manifold and the fluxes are induced after compactification.
These fluxes can be obtained from the twists which can be interpreted as the
vielbein on the compact space.

The case in which the compact background is flat 3-torus with non-vanishing
H-flux is a good illustrate of the flux compactification [3,8,16-18]. By T-duality
transformation in one of isometry directions of these backgrounds, H-flux has been
transformed into f-flux. These H and f-fluxes have the geometrical meanings which
is the three-form flux and Levi-Civita spin connection in the compact space. More-
over, if T-duality is performed in the remaining isometry direction, f-flux can be
transformed in to Q-flux which is globally ill-defined. Now, there is the one di-
rection left, however, this is a non-isometry direction. If one performs T-duality
transformation in this direction, R-flux will be turned on. However, R-flux is not
locally well-defined since T-duality in non-isometry direction exchanges coordi-
nates in that direction with dual coordinates. These problems occur because the
metric g;;, the two-form b;; and the dilaton ¢ as well as the concept of dual coordi-
nates are not well-defined on these background. In [19], these problems are solved
by replacing g;;, b;; and ¢ by g;;, 5 and ¢ and using DFT framework as we will
explain it more in Chapter 4 and 5.

The main objective of this dissertation is to study the meaning of non-geometric
fluxes. By using fields that parameterized in terms of g;;, 5% and ¢, the definition
of fluxes can be obtained [3,20]. The R-flux can be identified as field strength in
the dual theory, and Q-flux can be thought of as the connection corresponding to



the winding derivative [16,21].

This dissertation is organized as follows. In chapter 2, we will follow [2,4, 7]
and review how the O(D, D) structure emerging from the spectrum and level-
matching condition in world-sheet prospective. In chapter 3, we introduce the basic
knowledge of DFT base on refference [3,4,7,8], such as, O(D, D) representation,
the generalized diffeomorphism have been discussed as well as the important of
strong constraint for closure of the generalise Lie derivative. In chapter 4, the
SS dimensional reduction and gauge symmetry that arise in the effective theory
are provided from [3,8,22]. Moreover, the example of T-duality on 3-torus is
introduced. In chapter 5, by referring to [3, 16, 20, 23|, the covariant fluxes are
calculated. Furthermore, the geometric interpretation of non-geometic fluxes is
discussed and the we will briefly explain the gauged DFT and orbit of fluxes.
Computational details are provided in the appendices. In appendix A, we will show
how the generalized Lie derivative is reduced into the conventional Lie derivative
and two-form gauge transformation when the fields and gauge parameters are
independent of the dual coordinates. In appendix B, we will show the commutation
relation between two generalized Lie derivatives and show how strong constrain
is imposed in order to have a closure relation. In appendix C, the non-vanishing
Jacobiator of the generalized Lie derivative that leads to the trivial transformation
has been provided. In appendix D, the full calculations of fluxes are provided. In
appendix E, we will show that the commutation relation of winding derivative gives
the R-flux and Q-flux. Lastly, the detail of constructed of winding connection and
its non-covariant part are illustrated in appendix F.



2. Target Space Duality

The intrigue feature of string objects is that strings can wrap along the compact
dimension. As a result, it leads to the existence of winding modes that have not
been seen in particle theory. Along with the momentum mode, there exists a
symmetry that exchanges between momentum modes and winding modes known
as “Target Space Duality” or T-Duality. In this chapter, string theory on n-torus
background is introduced and this leads to the emergence of T-duality.

2.1. Toroidal compactification

Following from [2], let us consider string theory in D-dimensions with n direc-
tions are toroidal compactified. The target space manifold can be expressed as
a product between d-dimensional Minkowski space-time and n-torus, such that
R4=L1 x T™ where D = n + d. In this case, the critical string theory, where no
Weyl anomalies, is considered. That means it can be either D = 26 for bosonic
string theory or D = 10 for superstring theory. The string action is given by [4]

2
1 . . ) )
S = —E/da/dT{ﬁ”yaﬁaaXlﬁgX]Gij + €0, X0 X7 By}, (2.1)
0
where 7,5 is a world-sheet metric, €*” is an antisymmetric tensor with € = —1,

Gi; is a constant target space metric, and B;; is a constant target space two-form.
In action (2.1), the string coordinates X are split into non-compact directions
represented by X*# and compact directions represented by Y™,

Xt ={y™ X"}, (2.2)

where 4y =0,...,d—1land m=1,...,n.
By using a notation and following from [2,4], the constant background metric
G,; with an inverse metric GY satisfying GYG,, = §}, is written as

Gy = ( ng X ) (2.3)

Nypv



where G, is a flat metric on n-torus 7" and N 1s @ Minkowski metric on Ré-11,
Similarly, the constant background two-form B;; is written as

By = ( Bgm 8 ) | (2.4)

For later convenience, the background matrix E;; [2] is defined by
Epn 0
Eij =Gij + Bi; = < ) ; (2.5)
0 Nw

where En = Goun + Binn.
In this case, it is restricted to the closed string theory, so that the string bound-
ary conditions in compact and non-compact directions are given by

Y™o+2m) = Y™(0)+ 210", (2.6)
X*¥o+2m) = X*(0), (2.7)

respectively, where w™ is known as a winding number and takes an integer value.
It represents the number of times that string wraps along Y™ coordinate.

Recall the action (2.1), since the critical string theory is considered, the string
world-sheet metric can be chosen such that it is a Minkowski metric in 2-dimension,

’Vaﬂ = naﬁ' (28)

By substituting this metric in (2.1), the action becomes
2T
S =L [do [dr{n*0,X195XICy; + 0, X 03X B},
0
27 e ) ) -
= —+ [do [dr{-X'X'G;; + X" X" G,; — 2X' X" B}, (2.9)
0

where and ’ represent derivatives with respect to world-sheet time-like coordinate 7
and space-like coordinate o, respectively. The canonical momentum P; conjugated
to the coordinate X' is defined as

35S
. (2.10)
X1
Therefore, from the action (2.9), the canonical momentum is given by
21P(0,7) = Gi; X’ (0,7) + By X" (0, 7). (2.11)



A momentum excitation p; from the canonical momentum is defined by

2

0

Recall that from the Kaluza-Klein theory, the momentum excitation along the
compact dimension p,, is quantised and normalised such that it takes an integer
value. The reason for the Kaluza-Klein momentum must be quantised is because
exp (ip,, Y™) must be a single value function.

The expansion of modes for coordinate X* is given by [4]

X ol i GY(p. — B. k = (At —in(T+0) i —in(t—o)
(o,7) =2"+w'oc+17GY(p; — Bjrw”) + 7 nééo " (ale + e ),
(2.13)

where 2 is the centre of mass of string, o’ and a‘ are the n-mode oscillators for
right-mover and left-mover, respectively. In this expression, there is no winding
number in non-compact directions,

w' = {w™, 0} (2.14)

By substituting the coordinate expression (2.13) into the conjugate momentum
expression (2.11), it becomes

1 =i —in(t+o 1 —in(T—0o
27TPZ' = Di + 7 Z (Eijozne (r+0) =+ Eg;ane ( )) y (215)
n#0

where E;; is the background matrix defined in (2.5).

2.2. Hamiltonian and level-matching condition

In order to determine the spectrum of the string theory, the Hamiltonian should
be determined first and its definition is given by

H= / doH (o, 7), (2.16)



where H(o, 1) is a world-sheet Hamiltonian density given by
Hio,r) = PX'+ <—X’X]Gij FXIXIG — 2X"X’]Bij) . (@217

By substituting the coordinate expression (2.13) and the momentum expression
(2.15) into the above equation, the Hamiltonian density becomes

ArH = (X' 2nP ) H(E) ( 2;(]/3) : (2.18)

where H(E) is a 2D x 2D symmetric matrix and constructed from the metric G;;
and the two-form B;;. It is known as the generalized metric and takes the form

B (kD ali
H(E) = ( Gij _(ﬁ.;’}g’;j By ng ) . (2.19)

Therefore, the Hamiltonian can be calculated by substituting the expression of
coordinate (2.13) and canonical momentum (2.15) into the Hamiltonian density
(2.18). The result is

L 7 1 i i i j
H=SZ"H(E)Z + > (8", Gial + o', Gijad) . (2.20)
n#0

However the Hamiltonian (2.20) is not in the normal-ordering due to ambiguous
order in the second term. By performing normal-ordering and discard the constant
from the normal-ordering, the Hamiltonian becomes

1 _
H = §ZT”H(E)Z+N+N, (2.21)

where Z is a generalized momentum, that unifies the momentum excitations p;
with the winding modes w®, and defined by

Z = ( 7“; ) , (2.22)

and N, N are number operators for right and left-moving modes, and written by

N =3 (a',Gyad), (2.23)
n>0

N =3 (a',Gyal). (2.24)
n>0



In string theory, the physical state |¢) satisfies the Virasoro constraints

Lo—alg) =0,L,l¢) =0, withm > 0. (2.26)

These conditions give rise the level-matching condition which takes the form,
Lo — Lo|¢) = 0. (2.27)
After substitute the expression of Ly and Lo, the level-matching condition becomes
Lo—Lo=N—N —pw' =0. (2.28)
As a result, the level-matching condition gives
N-N = piwi7
= %ZTUZ, (2.29)

where Z is the generalized momentum defined in (2.22) and 7 is a constant matrix
which will play a major role in the next section and defined as

n:(]? ]é) (2.30)

with 1 is an identity D x D matrix.

2.3. T-duality and O(n,n,Z)

From the previous section, the Hamiltonian (2.21) and the level-matching con-
dition (2.29) are obtained. Now let us consider the transformation symmetry of
the generalized momentum Z such that

Z—Z=h7, (2.31)

where h is a transformation matrix that mixes w™ and p,, after operating on
the generalized momentum. The requirement of this transformation is that the
level-matching condition and the Hamiltonian are preserved. Therefore, from the

10



level-matching condition and (2.31), it gives

1 1
N—N:§Z’T77Z’ = 5ZTnZ
1
— §Z’TfthZ’. (2.32)

From the above relation, the transformation matrix A must preserve n
hnh' = n. (2.33)

That means h is an element of O(D, D,R) group and 7 is an O(D, D, R) invariant
metric. Since we must encounter this group several time in this report, let us
introduce the basic feature of this group.

The element h belongs O(D, D, R) group if it preserves the O(D, D, R) invariant
metric 7

O(D,D,R) = {h € GL(2D,R) : hnh" =n}. (2.34)

Let a, b, ¢, and d be D x D matrices, h can be represented in terms of these

matrices such that ;
a
h = ( e d ) ) (2.35)

The condition in which A preserves n gives the conditions for a, b, ¢, and d, namely,
ale+cfa=0,b"d+d"b=0,and a’d + c'b=1. (2.36)
From (2.21), let us consider the first term which is

Hy = %ZT’H(E)Z. (2.37)

This term which is invariant under O(D, D, R) induces the transformation property
for H(E)

ZTH(ENZ = Z™H(E)Z,
ZThH(E)W Z. (2.38)

From the above equation, the generalized metric transforms as
H(E') = hH(E)h". (2.39)

From (2.39), it leads to the transformation rule for E by the following method.

11



First, the generalized metric is formulated in terms of a vielbein hg which is an
O(D, D,R) element

H(E) = hghk, (2.40)

hp = ( ; %GTT))_ll ) : (2.41)

where e is a vielbein of the metric G = eel. Next, the action of O(D, D, R) group
element h on D x D matrix F' is defined by

and hg is defined by

h(F) = (aF +b)(cF +d)~". (2.42)
From this group action, the background matrix F is obtained from
E =hg(1) (2.43)
From (2.39), the transformed vielbein h'; is obtained from the original hg
hg = hhg. (2.44)
Therefore, the transformation rule for E is obtained by
E' = hp(1) = hhp(l) = h(E) = (aE +b)(cE +d)™". (2.45)

In order that the full Hamiltonian is invariant under O(D, D, R) transformation,
N, and N should be invariant under this transformation. From the transformation
rule for F (2.45), the symmetric part of E’ is corresponding to G’, then we get the
relation between G' and G’ [1]

(d+cE)'G'(d+cE) = G, (2.46)
(d—cENY'G'(d—cET) = G. (2.47)

After the transformation of the metric is obtained, and using the commutation
relations between the oscillator

[O‘i (E)7aqu(E)] = [O_‘i (E)7(_X‘77’L(E>j| = mGijdm—l—n,O' (248)

m m

The transformation rules for o/, and &', are obtained [1]

an(E) — (d—cE")a,(E), (2.49)
an(E) — (d+cE) 'a,(E). (2.50)

12



Therefore, the number operators are invariant. This means the full spectrum is
invariant under O(D, D, R).

Moreover, there is another symmetry which is known as the world-sheet parity.
The operation of the symmetry flips the sign of the two-form (B — —B) and
exchanges the right-moving and left-moving oscillators into each other as

ap < Q. (2.51)

The full Hamiltonian is also invariant under this action.

As we mention before, from the restriction that w™ and p,, take the discrete
values due to the boundary condition of n-dimensional toroidal space, so that
the symmetry group should be restricted to O(n,n,Z) subgroup of O(D, D,R).
This O(n,n,Z) is known as the the T-duality group in string theory. However,
it is useful to represent h € O(n,n,Z) in terms of O(D, D,R) representation and

represented as
a b
h = ( e d ) ) (2.52)

(3o () (3 8) (1) em

where @, b, ¢, and d are n x n matrices and can be rearranged in terms of O(n,n, Z)

element h as
. b
(24 -~

In this report, the representation of O(D, D) and O(n,n) are both used.

with

Q¢

2.4. Example of O(n,n,Z) transformation

In previous section, the string theory on the space with n dimension are toroidal
compactified background leads to the existence T-duality O(n,n,Z) group. In this
section, the examples of the O(n,n,Z) element are provided. At the point, one
wonders that every O(n,n,Z) can be used to generate transformation. However,
the answer is no because there are some group elements that break the upper
triangle of the vielbein (2.41) after transformation. These kinds of group elements
do not give the metric and the two-from in the transformed theory, whereas they
introduce the bivector 3%. So that in this section, we will focus only on group
elements that preserve the upper triangle of (2.41).

13



Integer theta-parameter shift O,,,

The first O(n, n, Z) element that we would like to introduce is the theta-parameter
shift ©,,,. In the string-world sheet action, the term that correspond to the con-
stant two-form in fact gives the total derivative. That means if the two-form is
shifted by the constant integer, it will not contribute to the path integral because
it gives only topological contribution. On the other hand, this transformation can
be thought of a two-form gauge transformation such that

Bon = B + Oan. (2.55)

The group elements that correspond to the theta-parameter shift are

h@:<g (]?), (2.56)

where ©,,, € Z and 0©,,, = —0,,,..

Basis change A

The n-torus T™ is quotient space of R™ with lattice A. The transformation of
lattice A by GL(n,Z) doesn’t change the torus. Thus, the spectrum is invari-
ant under this transformation. The group element of this transformation can be

represented as
- A 0
hA — ( 0 (AT>_1 > 3 (257)

where A € GL(n,Z).

Factorized duality T}

The factorized duality T}, is corresponding to the exchange the radius Ry — 1/ Ry,
along the circle in Y* direction and leaves the other direction unchanged. This
gives rise to the interchange between the winding mode and the momentum mode
in this direction,

w & py. (2.58)

In the literature, this transformation is referred to the T-duality along Y'* direction.
The group elements that represent this transformation are

hr, = ( L-e o ) , (2.59)

Ck ]l—ek

14



where e, is a matrix that has zero component everywhere except kk component.
Not only the winding mode and momentum excitation are exchanged, but also
some component of the metric and 2-from in the compact direction. This is know
as the Bushcer rules [24].

Inversion

The transformation that interchange Ry, — 1/ R}, have been previously discussed.
If one try to do n successive factorized T-duality in all n-dimensional compact
space, it gives the inversion of the background matrix F,

E=G+B—FE =G +B =E" (2.60)

The group element is represented by the O(n,n) invariant metric

m_(iﬁ). (2.61)

15



3. Double Field Theory

In the previous chapter, the string theory on the torus background have admitted
a new symmetry called T-duality that have not seen in particle theory. This hints
an idea about the theory that cooperates with T-duality. Double field theory is a
T-duality invariant theory of the low energy sector of string theory on the compact
space. In the other word, double field theory is a T-duality symmetrization of the
supergravity.

3.1. Supergravity

Before discuss more about double field theory, let us brief the story about the
supergravity which is the massless spectrum in String theory. From [3,25], the
common spectra, that are found in closed string theory, consist of the metric
tensor g;;, the Kalb-Ramond two-form b;;, and the dilaton ¢. These states are
created from the closed string states

o' @ )0, p). (3.1)

The symmetric traceless part of (3.1) gives the metric tensor g;;. On the other
hand, the antisymmetric part gives the two-form b;;. The trace part is transformed
as a scalar called the dilaton ¢. In the superstring theory, these states are closed
string states in the NS-NS sector.

The NS-NS supergravity action takes the form [25]

) 1 .
S = / dPxy/ge % [R +4V;¢V'¢ — ﬁhw‘fhrij,c : (3.2)

where R is a Ricci scalar obtained from the derivative of the metric g;; and H;j;
is a three-form field strength of two-form b;; and defined by

Hiji = 306, (3.3)
and it satisfies the Bianchi identity,
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The equations of motion obtained from the action (3.2) are given by [25]

1
R;j — 1 i """ Hjpn +2ViV0 = 0, (3.5)
. . 1 .
R+4(VV'¢— VipV'0) — EHiijlﬂk = 0. (3.7)

From the string point of view, these equations can be derived from the vanishing
of 8 equations at one-loop level and imply the Weyl invariant theory.

The action (3.2) is invariant under local gauge transformations such as diffeo-
morphisms and two-form gauge transformation.

Diffeomorphisms is an active coordinate transformation. It is generated by
the vector field A’. The field contents in NS-NS transform as

6gi; = Lagij = NOkgij + grjON" + g0\, (3.8)
0bij = Labi; = N°Okbij + b ON" + b0\, (3.9)
b= Lrp = \Op0, (3.10)

where Ly is a Lie derivative along the vector field A\’ and it is defined on the
arbitrary vector field V* as the Lie bracket such that

LWV =NV =No,V' —VIg;N. (3.11)

The diffeomorphism invariant implies that the laws of physics do not change under
coordinate transformation.
Kalb-Ramond two-form gauge transformation is generated by one-form

field 5\1 such that

Obi; = Oih; — Oj ;. (3.12)

Under this transformation, the three-form H;j; is invariant.

3.2. O(D, D) representation

Double field theory gives a way to think about T-duality invariant theory at the
level of supergravity. From the previous chapter, when n-dimensions are n-torus,
the T-duality group O(n,n,Z) is emerging from the invariance of the spectrum
and the level-matching condition. However, it is useful to think of it as embedded
subgroup of O(D, D) group. Therefore, the T-duality group is global O(D, D)
group. In order to formulate O(D, D)-invariant theory, the O(D, D)-invariant
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action should be constructed and the supergravity degrees of freedom should be
rearranged into the O(D, D) tensor.

Generalized metric and scalar

The supergravity fields consist of the metric g;;, the Kalb-Ramond two-form
b;j, and the dilaton field ¢. At this point, one wonders how these fields can be
rearranged into O(D, D) tensor. From the previous chapter, we have O(D, D)
tensor H sy called the generalized metric which is constructed from the metric
and two-form. Therefore, the metric ¢;; and the two-form b;; should be combined
into the generalized metric H sy, which takes the form

1—61 klb- bz kj
HMNz(gf_gik’“bij v ) (3.13)

where M, N are O(D, D) curved indices which run from 1 to 2D. The indices of
O(D, D) tensor can be raising or lowering by the O(D, D) invariant metric nyy
and 7Y which are defined as

(0 6N wuw (0 &,

Therefore,
HMN = MPpNQY b and Hap HIY = 6 V. (3.15)

Moreover from [2], the dilaton ¢ along with the determinant of the metric g =
det g;; can be combined into the O(D, D) singlet d defined as

e 2 = \/ge . (3.16)

Generalized coordinates

Not only the field contents should be written in terms of the O(D, D) tensor,
but also the coordinates x‘. However, the vector representation of O(D, D) has
2D dimensions, whereas the dimensions of coordinates ¢ are just D. From the
existence of the winding mode in the previous chapter, one can introduce a new set
of coordinates 7; that are dual to the winding modes w’. Therefore, by combining
the coordinates z° with the coordinates Z;, the generalized coordinates X can be
obtained

XM = (3;,2"). (3.17)

18



These generalized coordinates induce the generalized derivatives

g 0

Additionally, the fields in double field theory should be dependent on the gen-
eralized coordinates X

Harn (X),d (X). (3.19)

O(D, D) transformation

Since the generalized coordinates are in the fundamental representation of O(D, D)
group, under O(D, D) transformation, the generalized coordinates transform as

XM pM XN (3.20)

where hM € O(D, D). As a result, this transformation mixes the coordinates z*
with the dual coordinates Z;.
Moreover, the generalized fields transform under O(D, D) transformation as

HMN(XK) — hMPhNQHPQ (hKLXL), (3.21)
d(X®) — d(r® X5). (3.22)

Notice that if h is corresponding to the T-duality in an isometry direction, the
transformation (3.21) gives the Buscher rule for g;;, and b;; as [24]

bri GkiGkj — brib;
Gkk = — Gki —> ——, Gij _>gij_—] 2,
Gkk Gkk Gkk
Z- by — brigi;
b = — L by s by, — TRk OkiGhs (3.23)
9kk Jkk

The transformation (3.21) also includes T-duality transformation along non-
isometry direction, which have not been seen in the ordinary supergravity. Since
in supergravity limit, the fields are restricted to coordinate z' and by performing
T-duality in non-isometry direction such as z¥, 2* swaps with the dual coordinate
Zr. That’s why the T-duality in non-isometry direction cannot be done in the
supergravity framework, however, in DFT framework, it is fine since z* and 7; are

well-defined.
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O(D, D) invariant action

After we have all ingredients, which are represented in terms of O(D, D) tensor,
the O(D, D) invariant action can be constructed. In [9], the DFT action can be
written in terms of the generalized metric, scalar, and derivative such that

S = / d*PXe R, (3.24)

where

R = 47—[MN8M8Nd — 8M8NHMN — 47—LMN8Md8Nd + 48M”HMN8Nd
LA HMN O HI O H e, — SHMN O HE O H vy, (3.25)

is known as the generalized scalar curvature. Each term in this scalar curvature is
an O(D, D) invariant quantity because all indices are totally contracted. Moreover,
under generalized gauge transformation in which we will consider later in the
generalized Lie derivative section, this curvature scalar is transformed as a scalar.
This indicates that R is a generalized scalar. Additionally, when the fields in
action (3.24) are independent of the dual coordinates &;, this action becomes the
supergravity action (3.2) [7].

3.3. Strong constraint

From the level-matching condition (2.29), it implies that fields in DFT should
satisfy the constraint

"N oy0n(A) = 0, (3.26)
(3.27)

where A are any fields. This constraint is known as the weak constraint. However,
when the generalized Lie derivative, which we will discuss in the next section, are
considered. The gauge algebra is closed if there is another constraint such that

MY 0y (A)On(B) = 0, (3.28)

where A and B are fields and gauge parameters. This constraint (3.28) is called
the strong constraint.

As a result of the strong constraint, the field configurations depend only on the
D-subspace coordinates, which can be only z¢, or only #;, or the combination of
z' and Z; related by O(D, D) transformation. The subspace is called the totally
null subspace [26]. Therefore, DFT with strong constraint is formulated on D-
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dimensional totally null subspace. When the section is corresponding to only z,
this section is called the supergravity frame [3].

3.4. Generalized Lie derivative

From the NS-NS supergravity fields, the metric g;; and the Kalb-Ramond two-
form b;; transform under diffeomorphisms (3.10) and two-form gauge transforma-
tion (3.11). The supergravity action is invariant under these gauge transforma-
tions. Since in DFT, the metric g;; and two-from b;; are unified into the generalized
metric Hysy, the diffeomorphisms and two-from gauge transformation should be
combined and give a generalized gauge transformation.

Recall that the diffeomorphisms and two-form gauge transformation are gener-
ated by a vector A’ and a one-form 5\,-, respectively. These parameters in fact can
be combined into a O(D, D) vector called generalized gauge parameters

¢M = (A Ai) . (3.29)

In [7,9,23], there is a natural way to combine gauged transformation (3.10)
and (3.11) into the generalized gauge transformation with parameter £¢. This
transformation is known as the generalized Lie derivative and defined as

LAy = 70pAn + (0uE" — 076wn) Ap, (3.30)
LBYM = ¢PopBM + (0Mép — 0pe™) B, (3.31)

where Ay, and BY are generalized vectors. From the generalized Lie derivatives
(3.30) and (3.31), the upper and the lower vector indices are treated in the sym-
metric ways

From this definition, the generalized Lie derivative of the generalized metric
Hrn and the O(D, D) singlet e=2? are given by [9]

LeHun =E70pHun + (0mE" — 076n) Hpn + (08" — 07En) Hup, (3.32)
Le (e727) = 0n (Ve (3.33)
From (3.33), e @ is transformed as a density so that it is the generalized den-

sity. Moreover, when the strong constraint is imposed in supergravity frame, the
transformation (3.32) reproduces the gauge transformation of the metric ¢;; and
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two-form b;; as (see appendix A)

Legij = Lrgij, (3.34)
Lebij = Labi; + (az';\j - ajj‘i)v (3.35)

where Ly is an ordinary Lie derivation with parameter A\*. It implies the generalized
Lie derivative have unified the ordinary Lie derivative with the two-from gauge
transformation.

The generalized Lie derivative of 1y, is given by

Lenun = & 0pnun + (0mE” — 07nr) npn + (OnE" — 07 ) nutp,
= OméN — OnEmr + OnEnr — Ouéw,
— 0. (3.36)

As a result, the generalized Lie derivative preserves O(D, D) invariant metric.
Additionally, in DFT, there exists a trivial transformation, which is generated
by the generalized derivative of some function y, such that

M =My = (Oix, 0'x). (3.37)

From this gauge parameters, (3.30) and (3.31) give
;Cg:aXAM = 8PX8pAM + (8M6PX — 8P8MX> AP =0 (338)
E,S:aXBN = 8PX{9PBN + (8N8PX — 8P8Nx) BP = 0, (339)

where the first term of each transformations (3.38) and (3.39) vanishes because of
the strong constraint.

Moreover, if one consider the generalized Lie derivative of the scalar curvature
(3.25), it is transformed as a scalar [9]

LR =EMOyR. (3.40)

From the form of the scalar curvature (3.25), each term is an O(D, D) invariant,
however, only the full combination of all terms is a generalized scalar. Therefore,
the action (3.24) is invariant under the generalized diffeomorphisms.

The commutation relation between the generalized Lie derivative is given by
[8-10] (see appendix B)

[5517 Lﬁz] - £[51,§2]07 (3‘41)
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where the C-bracket [...,...]c is defined as

6,61 = onel — SewdVa — (1 6 2) (342

Moreover, from appendix B, it implies that in order to have a closure of transfor-
mation (3.41), the strong constraint is necessary. When the strong constraint
is imposed in the supergravity frame, the C-bracket has become the Courant
bracket [27].

From the definition of C-bracket, one can show that

(Le. &' — Le&)) = [, & - (3.43)

N | —

Moreover, the symmetric part gives

1 1
Following from (3.41), it leads to
[[[’51 ) Eﬁz] 7553] + CyCliC - ﬁ[[§17§2]07§3]C+CyCHC' (345)

That means the generalized Lie derivative has a non-vanising Jocabiator given by

TN (1,6, 8) = [[61, &) 753}]\04 + cyclic. (3.46)

However, this Jacobitor generates trivial gauge transformation since it is propor-
tional to the total derivative [8,26] (see appendix C)

TV (&1, 6, &) = %aM ([51, &6 ap + Cydic> : (3.47)

Therefore, the general Lie derivative satisfies the Jacobi identity up to the trivial
gauge transformation.
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4. Dimensional Reduction

The critical dimension of string theory is D = 26 for bosonic string theory and
D = 10 for superstring theory. In order to make a connection with phenomenology,
one considers the dimensional reduction. The Kaluza-Klein reduction on n-torus
with truncation of massive modes gives U(1)?" gauge symmetry. However, it is
more interesting if the non-abelion gauge symmetry is obtained. Scherk-Schwarz
compactification provides the low-dimensional theory with non-abelion gauge sym-
metry, and also the scalar potential. In this chapter, the SS compactification as
well as the concept of flux arising from dimensional reduction are discussed.

4.1. Scherk-Schwarz compactification

Following from [12,22], let us review the Scherk-Schwarz compactification. Con-
sider a theory on D-dimensional manifold with n-dimensional compact submani-
fold x. Let y™ be a coordinate chart and u* is a non-vanishing one-from which is
defined globally on x and takes the form

u® = u® ,(y)dy™, (4.1)

where the vielbein u“,, is known as a twist. The internal components of tensor
field A;jx.; are dependent on internal coordinates y™ via the vielbein u* ,

Amnp...q(, y) = Aape...a(z)u” m(y)ub n(y)ucp(y) ol (Y), (4.2)

where Agpe.q(x) will be a scalar field in effective field theory.
Moreover, the vielbein is satisfying the structure equation,

1
du® + §f“ b’ Aut =0, (4.3)
where f%;. is defined by
fa be — 2u[c " O u® nUp| " (44)

For a group manifold G, there exists a structure equation known as the Maurer-
Cartan’s structure equation [28]. Therefore, if f%,. is a constant, the compact
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manifold y is isomorphic to a group G with structure constants f¢,..

By following from [3,22], consider NS-NS sector of supergravity in D-dimensional
theory which we will call a parent theory. It contains the metric g;;, the two-form
b;j, and the dilaton ¢, which all depend on D-dimensional coordinates. Now, the
D-dimensional theory is compactified on n-dimensional compact space. Therefore,
after truncation all massive modes, we have the d-dimensional effective theory,
where d = D — n.

The coordinates are divided into coordinates on external space and internal
space, such that

vt = (2" y™m), (4.5)

where z# and y™ are coordinates in external space and internal space respectively.
The metric can be decomposed into the representation of effective theory, such
that

ds® = g (2)datdz” + Gup(2)v "V, (4.6)
where v is defined as
vt = u®, (y)dy™ + A® ,(x)dzt. (4.7)

Therefore, the metric tensor g;;(z,y) in D-dimensional theory gives rise to the
massless modes in d-dimensional effective theory, such as, the metric tensor g, (x),
gauge one-forms A® u(x) and scalar fields g, (), where hatted fields are indepen-
dent of compact space coordinates. The one-forms A® . carry adjoint indices, while
the scalar fields g, are in the bi-adjoint representation.

Additionally, the two-form b;;(z,y) can be decomposed as

b= 13(2) (x) + l;(l)a(:c) AVt + E(O)Qb(x)y“ AV + o, (4.8)
where
b= by(z,y)dz" A da?, (4.9)
biay () = by (z)dz" A da”, (4.10)
baya NV = Aw(x)dx“ % (4.11)
l;(o)abva AP = Bab(ac)ya AV, (4.12)
U = U (y)dy™ A dy". (4.13)

Therefore, in the effective theory, the two-from b;;(z,y) is broken into the two-
form b, (x), the one-forms V,,, carrying adjoint indices and the scalar fields b, (z)
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carrying bi-adjoint indices. From the global two-from gauge transformation such as
b — b+wv, one can introduce gauge transformation by making the gauge parameter
depends on the internal coordinates v — v(y) [3].

The y-dependent information from the internal space are stored in the quantities
u® n(y) and vy, (y), which are called twists. The twists cannot depend on the
external coordinates unless the Lorentz invariance in the effective theory will be
broken.

At this point let us summarize the field contents in both parent theory and
effective theory.

d-dimensional theory
D-dimensional theory metric g, ()
metric g;;(z,y), R two-from EA)W(m), )
two-from b;;(x, y) 2n gauge fields; A* ,(z), Vou(z)
dilaton ¢(z,y) n? + 1 scalar fields; §up (), bap(2),
()

In addition, the gauge parameters for diffeomorphisms At and two-form gauge
transformation \; are also decomposed in terms of twist u®,, as

At this point. one wonders how the original gauge transformations have been
changed in the effective theory. Let us consider the original diffeomorphisms of a
vector field V* along with the vector field A’. The components of vector field V*
are written as

Vi(z,y) = (V*(@),ua " (y)V" (). (4.16)

Therefore, the D-dimensional Lie derivative of this vector with parameters \ are
given by

LV = No;V' — VIg\. (4.17)
Consider the components in the non-compact directions, we get

Ly VP = NJ;VH — VI,
= €, VI —VD,et,
= LVM (4.18)

This turns out that the Lie derivative of the components in the non-compact
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direction gives the ordinary Lie derivative in d-dimensional effective theory. Next,
consider the component in the compact direction, we get

LyV™ = NojV™ —VIig\m,
= @OV £ AV — VEIAT — VIO,
— (e“f/“ —Vra,Ae 1 fo bc[\”f/C) . (4.19)

As a results, the transformation is gauged with the structure constant f®,. ob-
tained from the twist u®,,.

Moreover, in [22], the two-form gauge transformation in parent theory also in-
duces two-form gauge transformation and non-abelion gauge transformation in the
effective theory.

In summary, Scherk-Schwarz compactification gives rise to 2n gauge fields in
effective theory. The roles of decomposed parameters in (4.15) can be interpreted
as

e — diffeomorphism parameter,

€, — two-form gauge transformation parameter,

(A“, /~\a) — gauge transformation parameters corresponding to 2n gauge fields.

Gauge fields in effective theory correspond to the non-abelian gauge transformation
in which the structure constants or fluxes are obtained from the twists u*,, and
Umn, such that [3]

Habc = 3 {a[avbc] + fd [abvc]d} ) (420)
fa be = 2u[cm mua nub}na (421)

where Hg,. and f%. are called two-form flux and metric flux, respectively. More-
over, these fluxes are known as geometric fluxes.

4.2. Geometric flux
What is the physical meaning of these fluxes? Before answer this question, let

us find out what is the meaning of the twists u®,, and v,,,.
Consider the internal metric g, (z,y) which can be represented as

(2, y) = Gap(2)u” m(y)0 n(y). (4.22)

The Gq(x) are scalar fields in effective theory, therefore, when the scalar fields take
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the vacuum expectation value, that is
Gab = Oup- (4.23)
Then, the internal metric becomes

Gmn = u’ m(y)(sabub n(y) (424)

This means that the twist u®,(y) can be interpreted as a vielbein on the compact
space.
Next, consider the internal component of two-form which takes the form

b (2, Y) = Bab(x)ua m(y)ub n(Y) + Vnn(y), (4.25)

Since Bab(x) are also scalar fields in the effective theory, they can take the back-
ground value like g, for instance,

~

bap = 0. (4.26)
Thus, the internal components of the two-form become

binn = Vimn (Y), (4.27)

which implies that for a frozen background, the twist v,,, can be thought as a
two-form on the compact manifold.

Since, the twist u®,, can be interpreted as the vielbein on the compact space,
the metric flux f%,. is corresponding to the Levi-Civita spin connection on the
compact space. The twist v,,, can be regarded as the two-form on the compact
manifold, then Hg,. is the H-flux on the compact space. The fluxes f*;. and
H . have the geometrical meaning on the compact space so that they are called
geometric flux.

4.3. T-duality chain and non-geometric flux

According to the Buscher rule (3.23), when the T-duality transformation along
the isometry direction is performed, some components of the two-from and the
metric are exchanged. The metric flux should transform into H-flux, or vice versa.
In order to clarify this point, let us consider the case where the compact manifold
is a 3-torus [3,8,16,17].
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3-torus with H-flux

Let us consider a flat 3-torus with non-vanishing H-flux with the metric and
two-from are given by

1 00 0 0 0
00 1 0 —Ny' 0

In order to investigate that the background is globally well-defined, let us consider
the different between the field values at point y* = 0 and y' = 1. We see that the
metric remains the same, however, for two-form we have

bron(1) = by (0) = Ny, (4.29)

where the N,,, is defined as

0 0 0
Nem=|[0 0 N |. (4.30)
0 —N 0

Consider two-form gauge transformation with parameter \,, = (0, Ny2,0), then
we get

b:nn(yl) - bmn(yl) - Nmn- (431)
Since the two form is well-defined under the coordinate patching
B (1) = b (0), (4.32)

we can conclude that background is globally well-defined.
The metric and the two-from are corresponding to the twists u® ,,, and v,,,, given
by

1 00 0 0 0
W)= 010 | um=[0 0 Ny | (433
00 1 0 —Ny' 0

-+

The corresponding fluxes of the twist u®,, and v,,, are then calculated as

H123:N,andf123:f231:f312:0. (4-34)
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Twisted 3-torus without H-flux

Now, let us consider T-duality transformation of the 3-torus background with
H-flux. There are two isometry directions which are y?, or %%, in this case, the
y3-direction is chosen.

For convenient calculation, the metric and two-form are combined into the gen-
eralized metric H,n, which is O(3,3) object. Then, T-duality in y3-direction is
given by O(3,3) factorized duality element

100 00O
010000
N _|000O0O0T1
" =15 0010 0 (4.35)
000010
001000
After transformation
HMN — hM PhNQHpQ, (436)
the metric and the two-from in a new background are given by
1 0 0
gmn(y) = | 0 1+ (Ny')> Ny' | ,bun(y) = 0. (4.37)
0 Nyt 1

This background is known as the twisted torus and it will turn on the metric flux.
Let us examine whether this background are globally well-define by considering
the metric at y' = 0 and y' = 1, we get

1 00 1 0 0
Gn(y'=0)=[ 01 0 |, gmy'=1)=|0 1+N2 N |. (4.38)
001 0 N 1

In order to glue the metric at boundary, let us consider the transformation of
the metric by GL(3,R) group elements defined as

1
hpn™=1 0
0

o = O

0
N . (4.39)
1
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Therefore, the transformed metric is obtained as

g;rm(y) = hm pgpq(hn q)T

10 0 1 0 0 1 00
=01 N 0 1+ (Ny')? Ny 01 0|,
00 1 0 Nyt 1 0 N 1
1 0 0
= 0 1+N*(@w+1)* N@'+1) |. (4.40)
0 Nyt +1) 1

So that the diffeomorphism transformation makes the metric globally well-defined
since

I (0) = Gmn(1). (4.41)

This is a well-defined background with twists u®,, and v,,, taking the form,

1 0 0
Wy =10 1 0 ],vm(y) =0. (4.42)
0 Ny! 1
Therefore, the fluxes are calculated as
H123 = fl 23 — f2 31 = 0, and f132 = —N. (443)

T-duality in y3-direction ,which is one of isometry directions, changes the back-
ground with H-flux to the background with the metric-flux. That means T-duality
links two different background together. In fact, in general background, the metric
flux and H-flux can be turned on simultaneously.

At this point, there is one isometry direction left, which is y?-direction, one
wonders what kind of a new background, if the T-duality are done in the remaining
isometry direction.

Non-geometric background

Consider T-duality transformation of twisted 3-torus background with the met-
ric and the two-from defined in (4.37), the genelized metric in that case is given
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O O OO O

0 0 0 0
—Ny' 0 0 0
Ny')? 0 0 0
. 1 0 0 (4.44)
0 0 1+ (Ny)? Nyt
0 0 Ny 1

The factoried T-duality transformation in y?-direction is preformed by the O(3, 3)

element defined by

b Y

(>l el S

After evaluating the transformation, the generalized metric is obtained as

Hun(y) =

O O OO O

0
1+ (Ny')?
0
0
0
Nyt

This leads to the metric and two-form, which are given by

Gmn(Y)

brn (y)

o O O O o+

000O0O0
00010
01000
00100 (4.45)
100 00
00001
0 0 0 0
0 0 0 Nyt
1+ (Ny")? 0 —Ny' 0
0 1 0 0 (4.46)
— Nyt 0 1 0
0 0 0 1
0 0
1-|—(]\1fyl)2 ? ) (447)
0wy
0 0
N 1
0 — TV (4.48)
Nyl 0
1+(Ny')?

In this background, the metric and the two-from cannot be patching by gauge
transformation and diffeomorphisms. Therefore, this background are said to be
a non-geometric background, where the metric and the two-form are globally ill-
defined. This background is related to the Q-flux, and in fact, the patching condi-
tion can be done by the stringy transformation called g-transformation, which is
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represented in terms of O(3,3) element as

10 0 000
01 0 000

v oo 1 000

how = 00 0 100 (4.49)
00 —N 010
ON 0 001

This element is not in the part of O(n,n,Z) group elements that are discussed
in the chapter 2 because it breaks the upper triangle of the vielbein (2.41). This
background is known as T-fold background since it requires T-duality symmetry
in order to patch the coordinate together.

Under this transformation, the generalized metric transforms as

Hin () = has Phoy “Hpo(y),

1 0 0 0 0 0
0 1+ N?(yt+1)2 0 0 0 N(y*+1)
| o 0 1+N2(yt+1)2 0 —N(yt+1) 0
1o 0 0 1 0 0
0 0 ~N@*+1) 0 1 0
0 N +1) 0 0 0 1
(4.50)
Then we get
Hin(0) = Harn (1) (4.51)

Therefore, the generalized metric is well-defined, however, the transformation that
glues the different patch is given by [S-transformation, which is not the part of
diffeomorphism and two-form gauge transformation. That is why this background
are called the non-geometric background.

If one performs T-duality in the y!-direction, which is a non-isometry direction,
a new background which corresponds to R-flux is occurred. This background is not
well-defined even locally, because T-duality in non-isometry direction exchanges
the coordinate y! with the dual coordinate 7;. That means the locality is lost in
this background.

As we see, T-duality connects the different backgrounds with different fluxes.
This T-duality chain is discussed in [17], and can be summarized as

Hype €5 %, &5 Q% &% Rove, (4.52)
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Since, the different background are connected by T-duality, they are said to be on
the same orbit. In the other word, compactification on flat torus with flux gives
the same effective theory as compactification on twisted tori or non-geometric
background since they are related by T-duality. However, there are backgrounds
that are not T-duality related to the geometric backgrounds called truly non-
geometric backgrounds.

Due to the problem of globally and locally ill-defined issues in backgrounds with
Q and R-fluxes, supergravity limit is not suitable for dealing with non-geometric
background. So that we will move to double field theory where it is T-duality
invariance and defined on the double space coordinates. Therefore, it is free from
these problems.
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5. Non-Geometric Flux in Double
Field Theory

From the previous chapter, when T-duality is performed on torus background of
supergravity, H-flux background can be turned into f-flux background. If T-duality
is performed again in different isometry direction, the Q-flux is emerged. However,
Q-flux background is globally well-defined via g-transformation, which is not the
parts of diffeomorphism and two-form gauge transformation group. Moreover, If
one performs T-duality in the remaining direction, which is non-isometry direction,
the background is changed into R-flux background. In this background, the metric
and the two-form are ill-defined even locally. Therefore, supergravity background
is not suitable for non-geometric flux. However, these problems are not occurred
in double field theory , in which we will see in the following sections.

5.1. Covariant flux

Since in DFT, the coordinates combined with the dual coordinates give rise to
the generalized coordinates, the problem with locality ill-defined in R-flux back-
ground does not occur. Moreover, double field theory is T-duality invariant theory,
patching condition can be done via O(n,n) transformation. That means Q-flux is
globally well-defined in DFT.

According to the previous section, the twists u®,, and v,,, can be thought of
as the vielbein and the two-form in the compact background. In this section, the
covariant flux will be defined by a generalized vielbein, which is constructed from
the vielbein and two-form. Following from [20], the generalized metric can be
parameterized in terms of the generalized vielbein as

Hun = B4 4 SapE® y, (5.1)

where S4p is defined in terms of the Minkowski metric as

ab
i 0
SAB = ( 0 T ) . (52)

In this case, A, B refer to flat indices, whereas M, N refer to curved indices. More-
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over, the O(D, D) invariant metric can be constructed as

nun = B4 ymapE® n, (5.3)

where the n4p5 is defined in the same way as 1y, by changing curved indices i, j
into flat indices a, b. Therefore, from (5.3), it implies that E4 j; is also an O(D, D)
element.

Next, consider the double Lorentz transformation of the generalized vielbein
which is given by

EA )y =TABE®R (5.4)

and by requiring that the transformation does not change the generalized metric
Huw, it gives a condition for T4 5, such that it preserves the double Lorentz
metric (5.2)

T4 S°PTB [, = 548, (5.5)

The transformed vielbein (5.4) is also an O(D, D) elements, so that T g also
preserves the O(D, D) invariant metric

T4 en“PTP p =P, (5.6)

Conditions (5.5) and (5.6) imply that T4 5 belongs to the O(1, D—1)x O(1, D —
1) subgroup of O(D, D). Without the dilaton, E“ ;; is an O(D, D) element pa-
rameterized by 2D? — D parameters. However, M,y is invariant under gauge
transformation O(1, D — 1) x O(1, D — 1) which has D? — D parameters. There-
fore, the moduli space of E4 ; is characterized by D? parameters.

In supergravity, the generalized vielbein E4 5; can be represented in terms of

the vielbein e*; and the two-from b;;, which we can see from (2.41)

i I
By, = ( ' i ) . (5.7)

a
€

However, as we have seen from the previous chapter that the supergravity back-
ground defined by the metric g;; and the two-form b;; is not suitable for non-
geometric background. For example, the f-transformation, that glues the Q-flux
background, breaks the upper triangle and gives rise to the lower triangle part
of this vielbein. Thus, the generalized vielbein should be parameterized without
fixing gauge that is

Q l
A _ €a €a bli
E M — ( ealﬂli eai +€al6lkbki ) : (58)
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where 39 is an antisymmetric bivector.
The O(D, D) element that corresponds to the transformation of this bivector

(% is given by
v (0670
= 5 ) (5.9

where 6% is an antisymmetric constant bivector. This transformation is known as
the p-transformation.

The geometric flux and non-geometric flux can be unified into a single O(D, D)
tensor known as the covariant flux. The covariant flux can be built with the
C-bracket of the generalized vielbeins as

Fapc = [Ea, Eplt Ecr. (5.10)
From the definition of C-bracket, the covariant flux is obtained

1
Fape =EsNONEg M Ecy — §EANaMEB NEoy — EgNOnEA™Ecyy

1
- 5Ej_r,NaMJL‘ NEcoum. (5.11)

By defining Q4pc such that
Qupc = EaNOnEp ™ Ecy, (5.12)
the covariant flux is given by
Fapc = Qapc — %QCBA — Qpac + %QCAB- (5.13)
Moreover, from the property of the invariant metric n4p
Nap = Ea"Epy = ExMnunEp ", (5.14)
and its derivative Oynap = 0, Qapc is antisymmetric in the last two indices

Qapc = EaNONEpMEcy = — EANOnEc™ Epyy,
— — Quen. (5.15)
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Hence, the covariant flux can be rewritten as

1 1
Fapc = Qapc — §QCBA — Qpac + §QCABa

= Qupc + Qpca+ Qcas,
= 3Qupc), (5.16)

which is totally antisymmetric. In terms of D x D x D block, it has four independent
blocks; Fupe, Fpe, Fab¢, and F2 [20]. These elements are corresponding to the
fluxes that we have seen in the previous chapter; Hupe, f%te, Qq %, and R®°.

In order to get full definition of each flux, the generalized vielbein without gauge
fixing is used, in other word, we will parameterize the generalized vielbein in terms
of the vielbein e®;, the two-form b;;, and the bivector 3%. However, in a given
physical situation, we may fix the gauge, for example, in the supergravity limit,
the gauge with vanishing of bivector % = 0 is chosen.

Now, the ingredients for calculating fluxes are ready. First, consider the H-flux
(for the full detail of calculation see appendix D).

H-flux

In order to obtain the H-flux, we need 24,., which is defined as
Qabc = €4 iebjeck <8lblj - bmzémb]k> = €q iebjeck(Dibjk)a (517)

note that D, = 0; + bimém. Therefore, the H-flux is then calculated as

Hape :3Q[abc]a
:36a iebjec K (8[ijk] + b[zmémb]ko s
=3e, ey e, kD[ibjk]. (5.18)

In the supergravity frame where the strong constraint is imposed ém( ..) =0,
the H-flux becomes

Hape = 3e,"en e " Objng. (5.19)

So, in supergravity point of view, this flux is related to the three-form field strength
H;jj, by

Habc = €q ZAebjec kHz]k (520)
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f-flux

In order to calculate f-flux, three components of 24pc are required. However,
by antisymmetric property in the last two indices, two of them are verified

Q% e =" sep7e, " {5ibjk + ﬂimDmbjk} : (5.21)
Q% :eaiDiebjecj + eaiebjﬁjkDib,mec”. (5.22)
Therefore, the f-flux is obtained as
S b =0%pe + Qe " p + e %,

=2 (6[6 iDieaij] j) + e Z-ebjec K <5Zb]k + ﬁimHmjk) . (523)

In the supergravity frame with vanishing bivector 8 = 0, the f-lux takes the
from

fa be — 2 <€[C iﬁie“jeb} j) . (524)

This definition matches (4.21) when u®,, becomes e ;. Therefore, this f-flux links
to the Levi-Civita spin connection.

Q-flux
In this case, two of 24pc have to be calculated and are given by
Q. =e, '€’ je° 1, (Di* + B/ Dibyn f) (5.25)
0 =e e’ je B Dby + e e (f?"e”n + 39 (0", + e kﬂk’bzn)) :
(5.26)

where Di = & + ™m9,,. As a result, the Q-flux is obtained as
Q. =0, + Qb+ Qe
:eaiebjeck (Dlﬂjk + BB Dby + 25[19\5[93']()”)
+ 2, <e[b ;DI g el givy Gmed 4 b givy Gmed kﬁ“bh) . (5.27)

In the supergravity frame with vanishing two-form b;; = 0, the Q-flux is given
by

Qabc — eaiebjeck (azﬁjk) +Bjmeai(ebj8meci _6Cjamebi). (528)
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R-flux

In this case one component of 2% is required and given by
Qabe = 2 b e, {Dzﬂjk + 8,8 6% + gimBI gD, by + leﬂlméibln} .
(5.29)
Therefore, the R-flux is obtained as
Rabe —Qebe 4 qbea | geab.
=36 e® 6% {D[iﬁjk} + glilmg, 86 4 glilgip, ghn 4 %5imﬁjl5anmln} '
(5.30)
In the supergravity limit with vanishing two-form b;; = 0, the R-flux is given by
R = 3% et et 1. 8™, 7M. (5.31)

From the definitions of fluxes that are obtained, the H-flux and f-flux can be
calculated from the vielbein and the two-form. However, in supergravity limit,
Q-flux and R-flux are also well-defined in terms of the bivector instead of the
two-form [21].

Since the H-flux and f-flux are related to the three-from field strength and the
Levi-Civita spin connection, Q-flux and R-flux may have the geometrical meaning.

5.2. Geometry of non-geometric flux

In this section, the geometrical meaning of Q-flux and R-flux are discussed base
on [16]. Since Q-flux and R-flux are not well-defined in terms of the metric g;;, the
two-form 0;;, and the dilaton ¢, the generalized metric should be parameterized in
terms of a new metric g;;, a bivector 5%, and a new dilaton gz~5

~ij _ pils pki  _ pils _
Hun = ( g ~B gglkﬁ B~ 9 ) e = \/ge, (5.32)
gix3 Gij

where § is the determinate of the metric §¥. The strong constraint is hold in the
general way such that

Op0F A = 8,A0"B = 0, (5.33)

where A and B are fields and gauge parameters.
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Equations (5.27) and (5.30) give the relation between Q-flux and R-flux in flat
indices labelled by a, b, c and curved indices labelled by i, j, k. Therefore, R-flux
should be a tensor because it is related to R¥* by

Rabc _ ea ieb jec kRijk, (534)
where RV* is given by
Riik — 3 (D[%ﬂd) . (5.35)

In the frame where two-from is vanishing and the strong constraint is imposed in
arbitrary frame, the Q-flux (5.27) is given by

Qa be = e, iebjec kazﬁ]k + 26(1 ie[bijec] i (536)

However, there is no direct relation between flat indices and curved indices in this
case. So Q-flux should be a connection and the Q-flux in curved indices is given
by

Qi7" = 07", (5.37)

Let us consider the R-flux first because it is easier to determine. The R-flux is
given in (5.35), and with the definition of the derivative D' it becomes

R* = 3 (g + gl pM) (5.38)
As we mention before, in the supergravity limit, it takes the form
Rk = 340y, 37k, (5.39)

Since it is constructed from the ordinary derivative rather than the covariant
derivative, it should not be a tensor. However, from the symmetric property of the
Levi-Civita connection, this definition can be rewritten in terms of the covariant
derivative instead of the partial derivative as

R = 3800w, 57, (5.40)

This is a well-defined tensor in the supergravity limit.
Conversely, if the frame is chosen in another way such that the derivative with
respect to the coordinates vanishing 9;(...) = 0. The R-flux becomes

Rk = 3011 pIk), (5.41)
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R-flux in this form reminds us the structure of the three-form flux H,j, in the
supergravity limit, which takes the form

Therefore, RV* should play role of three-form field strength in the dual theory.

Next, let us consider the role of Q-flux. By performing the generalized Lie
derivative of the generalized metric (5.32) along the generalized vector €M = (0, &),
the metric and the bivector transform as

Eﬁgij :Lﬁgij7 (543)
LB =Lefi — (5 — e (5.44)

In this case, the generalized Lie derivative is identified as the gauge transformation
with parameter &°

Se(o.) = Le(...). (5.45)

The transformation is said to be covariant if and only if the gauge transformation
is equivalent to the ordinary Lie derivative

Se(...) = Le(...). (5.46)

If the gauge transformations of fields are not covariant transformations, there exists
a non-covariant part

Ael..) = (6 — Le)(....). (5.47)

Hence, from (5.43) and (5.44), the metric transforms covariantly, on the contrary,
the bivector has a non-covariant part given by the winding derivative of the gauge
parameter &°

A¢gij =0, (5.48)
ABY = — (F - DIE). (5.49)

Next, consider the gauge transformation of the dilaton <;~S, which is coveriant
under the transformation

0cp = E'0;0. (5.50)
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On the other hand, the winding derivative of the dilaton d'¢ is not covariant

0¢(0'9) =0'(0¢).

=0'(£0;0),
=(0'€)0;0 + £9,(9'0). (5.51)
By adding terms
(0,610 6 + (7€), (5.52)

which vanish due to the strong constraint, into (5.51), it becomes

5(0'9) =E0;(5'0) — (9€)P 6 + (¢ — FeN;0,
=Le(0'0) + (9'¢ — €)0;6. (5.53)

That means a non-covariant part of 5’923 is given by
A(0'0) = (0'¢ — 7E)0;6. (5.54)

The non-convariant parts of 5% (5.49) and di (5.54) imply Dip = §'¢p + Bijﬁjq;
transforms covariantly

Ae(D'§) =Ae(0'0) + (Aef7)0;0 + B7 Ae(0;9),
=(0'¢ — N0, — (0 — €0,
=0. (5.55)

This derivative has a non-vanishing commutation relation, which is given by Q-flux
and R-flux (see appendix E.)

[Di, Di] — R, + Q9 DF, (5.56)

where R* and Q¥ are defined in (5.35) and (5.37) respectively. Furthermore,
RV* is covariant under gauge transformation

A¢RTF = 0. (5.57)

Therefore, R* is obviously a covariant tensor.
However, for a vector V*, the derivative D" of the vector is not covariant

Ae(D'VI) = —D'op V>, (5.58)
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A new covariant derivative of the vector is then defined as
VVI =DV — T, 9V, (5.59)
where the non-covariant part of I'y “ is required such that
ALY = Do (5.60)
Since the antisymmetric part of the connection is not covariant
AT = 2Dl el +£ 0, (5.61)

this means the antisymmetric part of this connection is not a tensor and cannot
be chosen to be zero like the case of the Levi-Civita connection. Therefore, both
symmetric and antisymmetric parts must be evaluated. Firstly let us consider the
symmetric part of the connection. By requiring the metric compatibility

the symmetric part of the connection is (see appendix F)
Ty ) =T}, 9 — (D, U™ gl 4 T, mlgla), (5.63)

where T, ¥ is analogous to the Levi-Civita connection with the metric is g¥ and
the derivative D’
~ .. 1

DY = S (Dﬂgim + Digmi — Emgij) . (5.64)

In addition, the commutation relation of the covariant derivative on the dilaton ¢
is given by

VLV 6 =VI(D76) ~ (i 2 ),
_ [[)i, Dj] & — o, [ Dk, (5.65)

By using the commutation relation (5.56), the commutation relation of the covari-
ant derivatives on the dilaton become

[@i, @j} ¢ = R*0hd + (Qr 7 — 2T W Dk, (5.66)

Since the R¥* is a covariant tensor, and the commutation relation should give the
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covariant tensor, this condition requires the second term of the above expression
vanishes. Therefore, the antisymmetric part of the connection can be determined

oo 1 .
I, i) — §Qk i (5.67)

Thus the expression of the connection is given by
S ~ . ) . 1 -
T =T% ¥ — §oid Q™ + iQk Y. (5.68)

From the above relation, the Q-flux can be regarded as a winding covariant deriva-
tive and the result in (5.68) is satisfying the requirement of the connection (5.60).

Moreover, the Q-flux in flat indices (5.36) can be evaluated by the following
procedure. First, consider the covariant derivative on the vielbein

Fa bcea ; :@bec i
:eb iﬁiec ks
—e?, (Diec w + L ijecj> ) (5.69)
As a result, the connection in flat indices takes the form

I, = e, leb (Dﬂ’eci n Fijkeck) . (5.70)
By using the same relation in (5.67), the Q-flux in flat indices is obtained
Qb =, T,
=e, kebiecj (fk - f’kﬁ) +e,t (ebjf)jeci — ecjf)jebi> ,
=e, kebiecj(Qk ) 4 2e, " <e[bjl~)je‘3] ,) ) (5.71)

This is the same expression as (5.36).

5.3. Gauged Double Field Theory

From (3,16, 20], let us consider the double field theory with n-dimensions are
compactified. Upon the compactification, the O(D, D) double Lorentz structure
in the parent theory is broken, namely,

O(D, D) — O(d, d) x O(n,n). (5.72)
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The O(d,d) is the double Lorentz group in the effective theory and O(n,n) is
the global symmetry group. As we mention in chapter 3, with all the massive
modes truncated, the massless modes are

1. The vielbein e* ,.

2. The two-form b, or the bivector 3*".
3. 2n gauge fields AM -

4. n? scalar fields @ ;5 and the dilaton ¢.

The gauge fields AM 4, which are the O(n, n) vector representation, consist of the
gauge fields arising from the metric and the two-form or bivector in the parent
theory. Moreover, the scalar fields ®; are constructed from the scalar fields gq
and l;ab.

In this case, it is known as the ungauged theory because the gauge symmetry
is U(1)?" so it has 2n gauge field. The ungauged theory is also invariant under
the O(n,n) global group [3], however, it is not interesting because it consists of
many problems. For example, the scalar potential vanishes and is also flat in any
direction, so that the moduli space is then degenerate and there is no freedom
for choosing the expectation value. Moreover, the vanishing scalar potential leads
to the absence of cosmological constant, which is contradict to the observation
showing the acceleration of the Universe. Due to the abelian gauge symmetry
U(1)?", this theory cannot describe the standard model because the interactions
between particles are governed in terms of the non-abelian gauge symmetry.

However, the abelian structure can be promoted to the non-abelian group, which
is a subgroup of O(n,n). This method is known as the embedding tensor formalism
[16,20,23,29]. Recall that the group generators of O(n,n) global symmetry are

represented by (t,),;7 Y, the embedding tensors are given by O, Therefore, the

gauge group generators are given by O%(ta) NL This embedding tensor have
governed the detail of gauge group the effective theory, and the fluxes Fyyz
arising from compactification are components of %, (tq) x5 *

Despite the abelian gauge symmetry can be promoted in to non-abelian gauge
symmetry, the O(n,n) global symmetry in this case are broken into a subgroup
that leaves F ;5 invariant. Actually, the O(n,n) symmetry links the different
configurations of fluxes together because the fluxes Fj;5; can be thought of as

covariant tensor. Therefore, if fluxes transform into new fluxes via h € O(n,n)

Frawe = har "hay ®hi "Fpor, (5.73)
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gauge fields and scalar fields can be redefined via h € O(n,n)
AM s pM AN (5.74)
Oy —har Thy @@ pg. (5.75)

As a result, the overall action is invariant under O(n,n) [3,16]
S[F,A ® =S8 [h(F),h(A),h(P)]. (5.76)

That means the two theories that are related by O(n,n) are the same theory.
Therefore, it is convenient to classify the orbit of fluxes rather the configuration
of fluxes.

The orbits of fluxes that can be transformed into the geometric fluxes are called
orbit of geometric fluxes, that we see from the example in chapter 4. In that case,
only one flux is turned on, for example, on the torus the H-flux is presented. When
the T-duality are performed in the isometry direction, H-flux has become f-flux. If
T-duality is done again in the another isometry direction, f-flux is then transformed
into Q-flux. Eventually, Q-flux can be turned into R-flux via T-duality in the
remaining direction. This is an example of the orbits of geometric fluxes, where
the only one flux can be turned on at the same time. Moreover, the cases, where
multiple fluxes are turned on at the same time and T-duality cannot eliminate the
non-geometric fluxes are called the orbit of truly non-geometric fluxes. They are
investigated in [20] and they lead to the interesting in inflation problem in [30].
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6. Conclusion

When the string theory is formulated on n-torus space, the result leads to the
existence of new modes called the winding modes and the T-duality symmetry
relates these winding modes to the momentum modes. The T-duality gives rise
to the O(n,n) structure preserving the spectrum and level-matching condition in
the compact space. When cooperating T-duality into symmetry of the action,
double field theory is emerging. Since it includes the momentum modes as well
as the winding modes, the field contents in double field theory should depend on
2D-dimension, which correspond to the coordinates dual to momentum and wind-
ing modes. However, with the requirement of the closure of the generalized Lie
derivative, the strong constraint must be imposed. Consequently, the configura-
tions of fields then depend only on D-dimensional null subspace of 2D-dimensional
manifold.

The field contents in double field theory can be parameterized in several ways.
For example, the generalized metric H,n which is a O(D, D) representation, can
be expressed in terms of the symmetric tensor (metric tensor) and antisymmetric
tensor (either a two-form or a bivector). This theory leads to the NS-NS sector
in the supergravity theory and the unification of the Lie derivative with two-form
gauge transformation.

Upon Scherk-Schwarz compactification, fluxes have been induced in the effective
theory. Fluxes can be transformed into other fluxes by T-duality transformation.
However, there are some fluxes, which are not well-defined globally, such as Q-flux,
and even locally such as R-flux. These problems arise because of the need of stringy
symmetry in order to glue coordinate patching in Q-flux, and the dependence of
dual coordinates in R-flux. On the other hand, these problems are not occurred
in double field theory framework because T-duality symmetry is implanted in
double field theory, so that glueing coordinate patches via T-duality is acceptable.
Moreover, due to the dependence of both coordinates and dual coordinates, R-flux
is locally well-defined in this framework.

By using the covariant fluxes calculated from the generalized vielbein without
gauge fixing, the meaning of non-geometric fluxes such as Q-flux and R-flux can
be determined in terms of the geometrical quantities. The R-flux can be identified
with covariant field strength in analogous to to the H-flux, but using bivector
instead of two-form. Similarly, Q-flux can be identified with the connection of the
winding derivative.
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Fluxes in the effective theory are required because they give rise to the scalar
potential in effective theory, which leads to the vacuum configuration as well as the
cosmological constant. Moreover, fluxes in effective theory also play the role of a
structure constant of the gauge group, which is a subgroup of O(n,n) and leads to
the non-abelion gauge symmetry. Even if the O(n,n) symmetry is broken due to
the existence of fluxes, the action is still invariant because fluxes are the covariant
O(n,n) tensor along with the redefining fields via O(n,n) element, therefore, the
action is manifestly invariant. This implies the classification of the theory by
the gauge orbits rather than the configuration of fluxes. The geometric flux and
non-geometric flux can be presented at the same time, and this correspond to the
non-geometric flux space, which is interesting and will be studied in the future
work.
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A. The Generalized Lie
derivative of H sy

Let us consider the generalized Lie derivative of the generalized metric with
parameter €M = ()\;, \') [9]. In this case, the strong constraint is imposed in the
supergravity frame such that 5’”( ..) = 0. The generalized Lie derivative of the
generalized metric is given by

LMy = EP0pHun + (0mE" = 07E™) Hpy + (0" — 07N Hap, (A1)

where H s is defined as

z_bz klb- bz kj
HMNz(gf_gik’“bij ' g?j ) (A.2)

Therefore, let us consider the generalized Lie derivative of the component HY,
which is given by

LHT =eP0pHT + (DY Hp ! — (9PN Hp,; + (FPEVVH p — (OVN)H p,
=N OPHT + NOHYT + (O N)HET + (D' NYH T — (0" A My — (DN YHM
(PX)VHE + (PNYH ) — (DFNVHE ), — (BN )M, (A.3)

When the strong constraint is imposed, this equation becomes
LeHT = NOHT — (O NYHM — (0N )VH™. (A.4)
By substituting the definition of H,,y, this gives
Leg? = Noopg? — (9pN)g" — (ON)g™ = Lag". (A.5)

This is a normal Lie derivative of the inverse metric tensor ¢“ along the vector
field \°.
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Next, let us consider the generalized Lie derivative of H,;;, which is given by
LMy =€"0pHy; + (067 — OPE) Hpi + (9,67 = 9"\ M,
=N " Hij + N M5 4+ (M) HE 5 + (0N Hys — (9N Hiy — (D) HE
+ (D) H B+ (D0 Mg, — (F X)) Hare — (Ophj)H, F. (A.6)
In supergravity frame, it becomes

LeHi; = NOHy + (ON)Hiy — (NVHE  + (0N H ¥ 4 (9,0 My, — (8@)(7:1 k).
7

Consider the left-hand side of (A.7), which is given by
LHS =L¢(gi; — bing"'byy)
=Legij — (Lebin) g™bi; — bir (Leg™) biy — bing™ (Lebyy) - (A.8)
On the other hand, the right-hand side of (A.7) takes the form
RHS =N0,(gi; — bixg™bij) + (0:Me) (=g bis) + (9)iN*) (gisj — brig™by;)
— (O M) (—g"'bi) + (0;M) (big™) + (D7) (gir — bug™byi) — (OA;) (barg™),
=N0,0i5 — (APO,bir) g™ bi; — bik (NP, g™ )b — birg™ (NP O,bi;) + (OiNF) i
+ (0\)gak — (DMe)g" b+ (FeXi)g™ by — (DA Vo™ by = (OeX)brag" by
( )bzlg (8 )\K)bzlglpbpk + (8k>\q)bzqg bl]a
=Lgij — 3 Labi + (Oidi — 3k)\i)} 9" by; — b {Lrg™ } b

— bikg {L)\ + (Eh j— 8j5\l} . (A9)

Therefore, the generalized Lie derivative of the metric and the two-from when the
strong constraint is hold in the supergravity frame are given as

Legij = Lagij, (A.10)
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B. Commutation Relation of
Generalized Lie Derivative

Suppose that the commutation relation of the generalized Lie derivative on a
generalized vector VM is given by

[Le, Le, | VM = L, VM. (B.1)
The right-hand side of (B.1) is given by (3.31)
RHS = £L,0pVM + (0M&10p — Op&ls) VT, (B.2)
On the other hand, the left-hand side is given by

LHS =L¢, Le, VM — L, Le, VY
=L, {& 0V + (0M&p —0p&" )V} — (14 2),
= (55155) pVM + §§ (EélaPVM) + (EélaM&P) VP4 (aM&p) (551 VP)
— (Le,0p&") VP = (0p8)") (Le,VY) — (1 4+ 2),
={&ONE + (076N — OnED)EY  OpV M
+ & {&Yon(0pVM) + (0p&) — OVEp)ONVY + (0M & — ONnE)OPVY )
+ VI 0N 0V &op) + (0M&n — ONE) (0N Eap) + (0pEY — ONEP)(0MEan) }
+ (0M&p) {ENONVTE + (07 6n — OnED)VY)
— VI ON0pE)" + (9pEY — OVE1p)(ONE) + (0M &y — ONE)(0pE)) }
— (0PN {&N NV + (076in — ONED)VP} = (1 5 2),
={&one — & ong  0pV M
+ VI {elonoMeop + 0pEY 0Méon — OV p0M Eon — € ON 0P
+ NG OpEy — & ONOM Erp — OpE) OM e + OV EpOM ELN
+ ON&pM &N + & ONOPE — ONEY OPEY
— aNf{waNfQP + aNféw&NflP} )
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={&0nE — & onel } opV™

1 1
+ oM <§1N8N§2P — &NV Ep — §§1N8P§év + §§2N3P§1N> VP

—0p <§1N3N§éw — &noNgY — %leaMféV + %&N@M&N) v
— (&GO &op — ONEY ONEp) VT (B.3)

Therefore, we get
1 1
LHS = ( 1V ONE — &'OnE] — 3 10"y + §§§3P51N> apv

1 1
+ oM (leaN&P — &NV Ep — §€1N8P€év + §§2N8P€1N) VP

1 1
—Op (&NaNféM — &noVeM — 551N3M§év + §§2N3M51N) v
— (On& OV Eap — OnEY OV E1p) VT
1 1
+ §§{VaP€2N8PVM - iféVaP&NaPVM (B.4)
As a result, the parameter &L, is given by

&l = &1, &le. (B.5)
This shows that
(L, Le,)| VM = Lig, 0. VM + AFM, (B.6)
where
AFY = SN0 e 0pV Y — SENOTEn 0PV — (OnEN D p — ONENOVE) VT
(B.7)

In order for the closure of this transformation, or in other word, LHS of (B.1) is
equal to RHS, some constraint must be imposed. This constraint is known as the
strong constraint, and when it is hold, it leads to the vanishing of AFM,

Therefore, the commutation relation of the generalized Lie derivative with strong
constraint takes the form

[ﬁﬁn E&Q] - 5[51,52]0' (B8)
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C. Jacobiator of the Generalized
Lie Derivative

By following from [26], the jacobiator can be written as

JM(&,6,8) = [[&1, & 753]]\04 + [[52,53]0751]]\04 + [[53751]0752]1\0/1- (C.1)

First, let us consider

&1, &l ,53]34 : (C.2)

From the properties of the generalized Lie derivative (3.41) and (3.43), we then
get

1
[[61, &) Ealer = 3 (‘C[&,&z]cgw — L, [&52]%) , (C.3)
1

1
=3 (Le,Le,68" — LeyLe,&3") + 1 (Le,Ley&l" — LeyLe,&3") . (CA)

From (C.3), then the Jacobiator takes the form
IV (&1, 6.8) = [[51,52]0753]]\04 + [[&2, &3l fl]% + [[&3, &1 752]]\047
1
=5 (Lialc&s’ T Lpscdl + Leall

~Lel6n &l — Lol &l — Lol @ld).  (CH)

Next let us consider

Le, €1, 60 + Lo, (62, &]0 + Loy 3,6 - (C.6)

By using (3.43), these terms can be rewritten as

‘653 [517 52]3'4 + 551 {527 53]24 + ‘652 [537 fl]é/[
= (L& L6, &) — Lo L6 + Loy L6,88 — Loy Le,60 + Loy L&) — Loy L &5T)
1

= 5 (‘6[51752]c§éw + ‘C[§2,€3]C£{M + ﬁ[f&fl]ggéw) . (07)
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Therefore, from (C.5) and (C.7), the Jacobiator is obtained as

JM(E1,6,83) = ~ (Lieeal &8 + Ligneal 1T + Liesen &2 - (C.8)

A

Alternatively, if one starts from (C.4), the Jacobiator can be written as

(6, 6.65) = 5 (L [0, 6l + Lo 6,612 + La[60,61Y) . (C9)

From the symmetric property of the generalized Lie derivative (3.44) along with
(C.8) and (C.9), the Jacobiator can be obviously rearranged such that it is written
in terms of total derivative

JM(E1,6,83) = %3M (&6 Slop + & (&, Sllop + &5 [61, & ep) - (C.10)

95



D. Covariant Flux Calculation

By following from [20] and the generalized vielbein is parameterized in terms
of the vielbein e®;, the two-from b;;, and the bivector Y. In the other word, the
gauge fixing is not imposed such that

E,' E, ey eq by
A o a at . a a Yt
E M — ( Eai Eai ) - < €alﬁli eai“‘ealﬁlkbki > . (Dl)

Let us begin with the simplest flux that is H ..

H-flux

The definition of H-flux is given by
Hape = 3gz[abc]- (DQ)

There is only one component of €245c needed to be calculated in this case. That
is

Quve =E, M 0n By Y Eey,

=By "0 By " Ecn + EamO™ Ey"Eop, + By ™00 By Be™ + B0 By B,

=, " Omep " (ec"bin) + (eq kbkm)émeb "(ee?bjn) + €a " Omlenbin)e "
+ (e, kbkm)ém(ebjbjn)ec”,

=0 " Oy e bjn + €q Fbpnd™ e e bin + 0 " Omer binee ™ + €0 ey  Opnbinee "
+ q FbpmO™ ey bine.™ + €q "brmen? O bjne, ",

—e, ey le, k(aibjk + bimémbjk),

=e,'epTe. F(Dibj), (D.3)

where the derivative D,, is defined as

Dy = O + b0 (D.4)

o6



Therefore, H-flux is easily obtained

Habc == SQ[abc] == 3€a iebjeck(ﬁ[ibjk} + b[i|m(§mbjk]) == 3€a iebjec kD[ibjk]. (D5)

f-flux
The f-flux can be obtained by
Jh%e = Q% + Qe + Qe . (D.6)
However, from the antisymmetric property of Q245¢, we have
Qe == .. (D.7)
Therefore, the Q% and ,°. need to be evaluated.

0%y =E“Y0y B,V En,
=E" 0,y " Eep + B 0™ Ey "By, + B0,y By E." + E* ,0Ey, B, ",
=(e"i3"™) Oy bjn)ec™ + (€ 1 + € iﬁijbjm)émeb "(ee by
+ (€% 8™)Om(ep bjn)ee™ + (% m + € iB7bim ) 0™ (e Fbrn )™,
=%, 80, ep e, "by; + e mémeb "o Fbn + €° iﬁijbjmémeb e, Fbin
+ e iﬁimamebjbjnec "4 e iﬁimebjambjnec " et O™y Fbpne, "
+ €% .6 kémbknec "4 e? Z-Bijbjmémeb kb;mec "4 e? iﬁijbjmeb kélbklec "
=e"iepie, " {5%3% + B (Opbjr, — blmélbjk>} ;
—e e e, {5ibjk + ﬁimDmbjk} . (D.8)
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Q" =E,MOmE™ By,
=B, "0 B Eep + By E" Eopy + E "0 E* ,E." + EonO™E* ,E.",
=, "Om(€” ;57™) (e "brn) + (€4 Wi ) O™ (€ B (e Fbrn)
g ™™ (el + e i) e ™ 4 (eq bim ) O™ (€ + € 87 brn e ™,
—e, "0, jﬁjnec ben + €4 mebj(?mﬁj”ec Fbien + €4 ibimémebjﬁj"ec .
+ €q bim€® ;O™ BT, Kby 4 €0 M Ome’ nee™ + o M Ome’ B bpne. "
+e,™e’ jﬁmﬂjkblmec "4e, e jﬁjké?mb;mec "+e, ibimémeb née
+ e, ibimémebjﬁjkbknec "+oe, ibimebjém,ﬁjkbknec "+oe, ibimebjﬁjkémbknec "
=e, iaiebjecj + e, ibimémebjecj + e, iebjﬁjk(aibkn + bimémbkn)ec "
=co' D’ je.? + e e’ ;37 Dibyre. " (D.9)
Thus, f%;. is then obtained as
e = + Q% — D%,
—e%ep7e, " {5ibjk + BimDmbjk} + e Z‘Die‘ljebj + e, ie“jﬁjkDibkneb "
— ey 'Die” je.? — eyl ;377 Dibgne.

:2 (6[0 iDie“jeb] j) + Ga iebjec k (élb]k + 5imHmjk> . (DlO)

Q-flux
The Q-flux is defined as
Qo ="+ 0" +°," (D.11)
Therefore, there are two components of Q4pc evaluated since Q¢,°% = —Q°®,

Qa be :Ea MaMEbNECN,
=E,"0"E"E° , + B0 E™E° , + E, "0 E* WET" + Ep 0™ E® B,
=eo O™ (e B (€€ + € B bkn) + (€q bim ) O™ (€ ;57 (€€ A €€ 1B by)
+ €a MO (€ + €% i87b;,) (€€ 1BFM) 4 (eq i)™ (€b 1 + € 587 bry ) (e 15™)

o8



=e, "Ope" Bel, + eq mo,,e’ Bel jﬁjkbkn +e,™e’ OBl
+e,™e’ iﬁmﬁmecjﬁjkbkn + €4 ibimémebjﬁj”ec n Tt € ibimémebjﬁj”ec B b
+ e, ibimebjémﬁj"ec o+ e hime? jémﬂj”ec B b 4 €0 " Ome” net 1B
+ e, mOe’ iﬁijbjnec kﬂk” +e,™e’ iamﬁijbjnec pe’ kﬁk” +e,™e’ iﬁijambjnec kﬂk”
+ eq ibimémebjec lﬁm + €4 ibimémebjﬁjkbkneclﬁm + €q ibimebjémﬁjkbknec zﬁln
+ €4 ibimebjﬁjkémbknec 8"
=e,'e ]6 k ( 0; 7% + bign 0™ B2 4 BI™ 0Dy B+ ﬁjmbizélbmnﬂkn> ;
=e, ‘e ]e k ( BIF 4+ ﬁijibman”) ) (D.12)

Qb —gaMy, ENE
=E“" 0 B Ep + E® 0" E" Eey + B0, E* B, + E* 0" E* B,
=(e" i5") O (" W")(ec “bn) + (€% i + € i3901n) 0™ (" 8™ (e i)
+ (e 58™) O (€ el ﬁ]kbkn)ec + (e + e iﬁijbjm)ém(eb e kﬂkl)ecn
=e iﬁ“"ame jﬁjnec Kben + € iﬁzmebj(?mﬁj”ec Kbn + €° mémeb kﬁk"ec .
+ €% el 1B e, by + € im0 e kB e, iy + €% i BT bjme? O™ B e, by,
+ e B Omel pee™ + e iB M Omel ;B Fbpne. ™ + e il 10, B e "
+ e Bme  BF0, brnes ™ + € O™ el nee™ + e el 1 B be, "
+ e meb kémﬁklblnec " 4e? meb kﬁklémblnec T4 e® iﬁijbjmémeb nCe
4 6% 50b, 87 1 B bmes ! + €@ i BTb;med 1T B e,
+ e Z-Bijbjmeb kﬁklémblnec "
=e%,e." <5ieb w+ B™0,,eb, + Bijbjmémeb n+ Bijbjmémeb kﬁ“lm)
+e% e j€c <Bzmﬂ]k8 b + leal )
=" ;e je B Dby, + € e (Dieb 0+ B9 (07" + O kﬂ’“’bm)) ,
(D.13)

where D' is defined by

D' =9+ pi9;. (D.14)
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Thus, the Q-flux is obviously obtained as

Qabc —Q bc+Qc b cha7
—Q be ch _ch

—ca'e! 3¢ 1 (D™ + " Dibyun 3" + B DIby; — 3 D*;
+eb i€a ( ¢ + BIPh, (5’”601- + 9"eC kﬁ“lm))
— € jeq ( i + BPbym (O™l + O™ee kﬁklbli)) ,
—ca'e? ¢ 1 (D™ + BB Dby + 264 Dty )

+ 2e," (e[bjf)jed i+ el ;87b,,0me ; + el ;37D 0™ e kﬁklblz) - (D.15)

R-flux
The R-flux is defined as
Rabe = 3Qlabel, (D.16)
There is only one component of €245¢ calculated for R-flux.

Qe —geMy, BN e
=E"™9,,E™E°, + E*,,0"E"E° , + E“"0,,E® ,E + E* 0" E" ,E",
=(e® i) (e” ;87 (e 0 + € 1 D)
+ (e 4 € iBDyn )D€ 1B (€ 0 + €15 bypn)
+ (€3O (€” 4 € 57 bn ) (e15™)
+ (€% A+ €% B9 ) 0™ (€8, + € BBy, ) (€€ ,877)
:eaiﬁimamebjﬁjnecn 4 @ iﬁimebjamﬁjnecn + eaiﬁimamebjﬁjneckﬁklbln
+ eaiﬁimebjamﬁjneckﬁklbln 4 eamémebkﬁknecn 4 eamebkémﬁknecn
+ e mémeb wBFmel lﬁlpbpn +e?,,.e kémﬁk”ec lﬁlpbpn + e iﬂijbjmémeb wBFmel
+ € 3bjme’ MBS, + € 37D, 0™ el 1 BE e 1 B PD
+ e 3b et kémﬁkneclﬁlpbpn 4 e B Aeb e 18 + €% B D’ ;B bpnet BT
1 € B b O 7 g 1 8™ 4 € 3P 1 87F Db 18T A+ €@ el et B
+ el mémeb kﬁklblnec pﬁpn + €% meb kéﬁklblnec pﬁpn + €% meb kﬁklémblnec pﬁpn
+ et Zﬂijbjméeb e° pﬂ}m 4+ et iﬁijbjmémeb kﬁklbznec pﬂpn + e iﬁ“bjmeb kémﬁklbmec pﬁpn
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+ €% 1B’ kB by , B
:eaiebjeck {5iﬁjk + gima,, Bk + Bilblmglﬁjk + BmBIEEY b, + leﬂknéibln
B B P |
=" ie e { D" 4 B B+ 5P B Db+ 310 b . (DAT)
Finally, the R-flux is obtained
Rabe :39[@47
=3 e je  { DI 4 B, 0 3 4 B 31 8 Dby + AU 5}
—3¢¢ iebjec . {D[iﬁjk} + B[i\mbmlélﬁjk] + ﬁ[ﬂéiblnﬁk]n + %5imﬁjlﬁanmln} )
(D.18)
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E. Commutation relation of D’

Consider the commutation relation of the derivative D’ on the dilaton ¢
D', D7) 6 =D'DI6 (i ¢ j),
=0+ 0Bk + 100G + B 9,0'¢
+ B OB7*) 0k + BB 010k — (i 4 §),
=D'37%8, ¢ + D7 ¥ 9. (E.1)

By adding terms
I"BI0pp + 0,679, (E.2)

that vanish due to the strong constraint into (E.1) then the commutation relation
becomes

D', 07| 6= (D™ + DIB™ + D67 ) 04 + 0,876 — 5087040,
— (D@7 + DI + D7) 046 + (87) (00 + B*0kd).  (B.3)

By using the definition of R-flux (5.35) and Q-flux (5.37), the commutation relation
eventually becomes

[Di, [)J} & = R0 + Qp 7 D", (E.4)
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F. The Connection of Winding
Derivative

From the requirement that the covariant derivative on the metric is vanishing,
it gives the metric compatibility as

By redefining indices of (F.1), three equations are obtained
Digit — T, uigh _ [ ikgit — (F.2)
DIgtt —Tyhgh — Ty g =0, (F.3)
By combining (F.2) and (F.4), then subtracting with (F.3), the result is
257, %) = Diglk 4 DFg' — Digit — 2 (T, Wl gt 4 T, Wilghy (F.5)
As a result, the symmetric part of this connection is given by

(4] 1. NJ ~mi i ~jm ym ~ij ~ M [jm] =zl M [im] =15
Fk(”):§gkm (ng +D'¢g™ =D gj>_gmk (L, bmight +- T, mlgh) - (F.6)

By defining the T, ¥ such that

~ .. 1 ~ . . ~. . ~ ..
0w = Sgun (D™ + D' — D7) (F.7)

the symmetric part of the connection then becomes
B 69 = £ 0 g (DU 4 1, gy (F35)
The antisymmetric part is given by

SR 1 .
B = 2@y ¥ (F.9)
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Therefore, the full expression of the connection takes the form

S o e i Gm | sl im L
FkU:FkU—§gmk (ngl] +gl]Ql )+§Qk 7. (FlO)

In order the prove that the expression (F.10) leads to the non-vanishing part of
the connection such that

Al = —D'oRe?, (F.11)
let us consider the following pieces. The first one is Q) ¥

0¢Qr 7 =0(0r3),
= (0¢7),
=0h(LefY — 07 + €Y,
=Le(0kB7) — (0x06) 8" — (0DE)BY — (040°€7) + (0,IE)).  (F.12)
Therefore, the non-covariant part of Q¥ is given by

AeQr = —D'O&T + DIgRE'. (F.13)

The second piece is ['w7%. However it is easier for considering the gauge trans-
formation of D!g/* first

5§(Di§jk) :6£<éigjk + Bilalgjk)7

:5i5€§jk + (5§Bil)al§jk 4 ﬁil(‘?l(éfgjk),

=0 (Lei™) + (LeB" — 0'¢ + 9'€N0g™* + BUOLe™,

:(éi£l>algjk 4 518,5"@1’“ - (51@53)?]% o (8lfk)(§zf]lk o (5@;5’“)@’1
— (0T F" + LB g™ + BHOE™)0mG* + B1ET 0,017
— BHD(10) G — B (10,0") ™ — B (D" )G,

=Le(0'3%) + (LefM)07" + B Le(015)
— (D'0E)G" — (0'0EM G — BH(010mE)T™ — 5“(@%5’0@]’2} "

The non-covariant part of D'§* takes the form

Ae(D'g*) = —g™(D'0,&7) — §™ (D0, 5. (F.15)
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As a result, the non-covariant part of the connection is then obtained as

o N D 1, L B
AW =AY — ngkgl AeQ?™ — §gmk9lJA£Ql + §A£Qk J,

1 ~lj /1Y m ~lm( 1yi j ~li( 1] m ~lm( 1j )

= {~d (Do) - g (D) - g (Dag™) — G (DO

+3(D"0") + §(D" O }

L 5 ol J m ym j 1 ~  ~lj Y m m i
= 50mkg" (= DIOE™ + D" OE) = Sgmrg” (—D'OE™ + D" OE")
1 e e
+ 5 (=D + DIoE),
=— D' (F.16)
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